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Example

Fig. 1: Mechanical modeling of the structure

In Fig. 1, a welded structure is shown that
consists of two rods with different lengths and
masses, and a disk with radius R. The struc-
ture can only rotate along joint A. The horizon-
tal rod is connected to the environment through
a spring with stiffness k1 and a damper with
damping coefficient c1, while at point B a har-
monic force excitation is applied. On the vertical
rod a harmonic displacement excitation is ap-
plied through a spring with stiffness k2. The de-
flection angle of the structure is measured from
the horizontal axis by the generalized coordi-
nate ϕ. The structure is in the gravitational
field and its equilibrium position is located at
ϕ = 0, where the spring of stiffness k1 has static
deformation only.

Data

m = 0.12 kg l = 0.2 m R = 0.1 m r(t) = r0 sin(ωt) r0 = 0.01 m ω = 20 rad/s
k1 = 300 N/m k2 = 10 N/m c1 = 2 Ns/m F (t) = F0 sin(ωt) F0 = 2 N

Tasks

1. Derive the equation of motion for the small vibrations about the equilibrium using the Lagrange
equation of the second kind! Calculate the undamped natural angular frequency, the damped
natural angular frequency, the damping ratio and the static deformation! (ωn = 35.55 rad/s,
ωd = 35.31 rad/s, ζ = 0.117, f0 = −0.00713 rad)
2. Calculate the stationary solution of the system! (ϕp(t) = −0.0102 sin(20t− 0.19))
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Solution

Task 1

In this exercise the equation of the motion is going to be derived using the Lagrange equation of the
second kind, which can be written as

d

dt

∂T

∂q̇k
− ∂T

∂qk
+
∂D
∂q̇k

+
∂U

∂qk
= Q∗

k, with k = 1...n, (1)

where n denotes the number of the generalized coordinates qk that describe the motion of the
mechanical system uniquely. T stands for the kinetic energy, D is the Rayleigh’s dissipation function,
U refers to the potential function. The kth component Q∗

k of the generalized force is originated in
the active forces that does not have potential or dissipative function.

The mechanical model presented in Fig. 1 is a 1 DoF system, since the vibration of the structure
can be described using a single general coordinate ϕ. This means that

n = 1 DoF and q = ϕ, (2)

from which the Lagrange equation of the second kind simplifies to

d

dt

∂T

∂ϕ̇
− ∂T

∂ϕ
+
∂D
∂ϕ̇

+
∂U

∂ϕ
= Q∗. (3)

In order to have the equation of motion for small vibrations, Eq. (3) has to be linearized around the
equilibrium (ϕ ≡ 0).

Kinetic energy

The kinetic energy can be calculated with respect to the fixed point A as

T =
1

2
θAϕ̇

2. (4)

Therefore, the terms in the Lagrange equation of the second kind can be obtained as

∂T

∂ϕ̇
= θAϕ̇ ⇒ d

dt

∂T

∂ϕ̇
= θAϕ̈ and

∂T

∂ϕ
= 0 . (5)

The mass moment of inertia of the system with respect to the z axis at point A by means of applying
the Steiner-theorem becomes

θA =
1

3
3m(3l)2 +

1

3
2m(2l)2 +

1

2
mR2 +m(2l +R)2 = 0.0866 kgm2. (6)

Rayleigh’s dissipative function

The dissipative function for the dashpot can be given as

D =
1

2
c1(∆v)2 , (7)

where ∆v refers to the deformation speed of the damper. Since we are interested in the linearized
equation of motion, the terms up to second-degree are necessary only, namely, we can use the
linearized deformation speed in the dissipative function. We can write

D =
1

2
c1(3lϕ̇)2, (8)

from which the third term in the Lagrange equation becomes

∂D
∂ϕ̇

= c1(3l)2ϕ̇ = 9l2c1ϕ̇ . (9)
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Fig. 2: Positions of the centres of mass in the gravitational potential field

Potential function

The potential function contains the strain energy of the springs and the potentials of the gravitational
forces acting on the rods and the disk. Thus,

U = Ur1 + Ur2︸ ︷︷ ︸
springs

+ U1 + U2 + U3︸ ︷︷ ︸
gravitational potential

, (10)

where the spring potentials can be expressed as

Ur1 =
1

2
k1(∆lst + 3lϕ)2 and Ur2 =

1

2
k2(r(t)− lϕ)2, (11)

where ∆lst refers to the deformation of the spring at the equilibrium. In the potential function, the
linearized spring deformations are considered since the second degree terms of the spring potentials
can provide terms in the linearized equation of motion only.

The gravitational potentials become

U1 = −2mgl cosϕ, U2 = −mg(2l +R) cosϕ and U3 = 3mg
3

2
l sinϕ , (12)

if the gravitational potential is calculated with respect to zero potential level which is indicated in
Fig. 2. Note, that the linearization of the gravitational potentials would lead incorrect terms in the
equation of motion, hence, we keep the original trigonometrical functions in the expressions and we
linearized the corresponding terms after the differentiation with respect to ϕ.

Based on these, Eq. (10) gives

U =
1

2
k1(∆lst + 3lϕ)2 +

1

2
k2(r(t)− lϕ)2 − 2mgl cosϕ−mg(2l +R) cosϕ+ 3mg

3

2
l sinϕ, (13)

while, the corresponding term of the Lagrange equation becomes

∂U

∂ϕ
= k1(∆lst + 3lϕ)3l + k2(r(t)− lϕ)(−l) + 2mgl sinϕ︸︷︷︸

≈ϕ

+mg(2l +R) sinϕ︸︷︷︸
≈ϕ

+
9

2
mgl cosϕ︸ ︷︷ ︸

≈1

. (14)

After linearization this gives

∂U

∂ϕ
= 3k1l∆lst + 9l2k1ϕ− k2r(t)l + k2l

2ϕ+mg(4l +R)ϕ+
9

2
mgl. (15)
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Fig. 3: Free body diagram in static equilibrium

The initial deformation ∆lst of the spring k1 can be expressed from the static equilibrium equation
in accordance with the free body diagram (FBD) of the structure in equilibrium, which is presented
in Fig. 3. Based on these:

∑
MAz = 0 : − F1st︸︷︷︸

k1∆lst

3l − 3mg
3

2
l = 0 ⇒ 3k1l∆lst = −9

2
mgl ⇒ ∆lst = −3mg

2k1

. (16)

After substituting the initial deformation into Eq. (15), the expression simplifies to

∂U

∂ϕ
= 9l2k1ϕ− k2r(t)l + k2l

2ϕ+mg(4l +R)ϕ. (17)

Consequently, the initial deformation of the spring and the gravitational potential of the force
that generates the deformation can be omitted together during the derivation. This means that we
can introduce a simplified potential function

Ũ =
1

2
k1(3lϕ)2 +

1

2
k2(r(t)− lϕ)2 − 2mgl cosϕ−mg(2l +R) cosϕ , (18)

by which we can obtain the same result:

∂Ũ

∂ϕ
=
∂U

∂ϕ
= 9l2k1ϕ− k2r(t)l + k2l

2ϕ+mg(4l +R)ϕ . (19)

Power of other active forces

Since the harmonic force excitation is not included in the terms above, it should be taken into
account in the generalized force component Q∗. For this, let us calculate the power of F (t), which
should be equal to the power of the unknown generalized force Q∗.

Based on Fig. 4, the power of F (t) can be expressed as

P = F · vB =

[
0

−F (t)

]
·
[
−2lϕ̇ sinϕ
2lϕ̇ cosϕ

]
= −F (t)2lϕ̇ cosϕ

!
= Q∗ϕ̇. (20)

which yields

Q∗ = −F (t)2l cosϕ︸ ︷︷ ︸
≈1

≈ −F (t)2l. (21)
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Fig. 4: Illustration of the velocity of point B

Equation of the motion

Since all terms in the Lagrange equation are expressed in Eqs. (5), (9), (19) and (21), the equation
of the motion for the small vibrations around the equilibrium reads

θAϕ̈+ 9l2c1ϕ̇+ 9l2k1ϕ− k2r(t)l + k2l
2ϕ+mg(4l +R)ϕ = −F (t)2l. (22)

Rearranging the terms leads to

θAϕ̈+ 9l2c1ϕ̇+
(
9l2k1 + k2l

2 +mg(4l +R)
)
ϕ = −2lF (t) + k2lr(t). (23)

Dividing the equation by θA results the general form of the equation of the motion

ϕ̈+
9l2c1

θA︸ ︷︷ ︸
=2ζωn

ϕ̇+
9l2k1 + l2k2 +mg(4l +R)

θA︸ ︷︷ ︸
=ω2

n

ϕ =
−2lF0 + k2lr0

θA︸ ︷︷ ︸
f0ω2

n

sin(ωt) . (24)

The substitution of the parameters yields

ωn =

√
9l2k1 + l2k2 +mg(4l +R)

θA
= 35.55 rad/s , (25)

ζ =
1

2ωn

9l2c1

θA
= 0.117 (= 11.7%) . (26)

The natural angular frequency of the damped system is

ωd = ωn

√
1− ζ2 = 35.31 rad/s, (27)

while the static deformation

f0 =
1

ω2
n

−2lF0 + k2lr0

θA
= −0.00713 rad. (28)
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Task 2

The solution ϕ(t) of the equation of the motion can be composed as

ϕ(t) = ϕh(t) + ϕp(t), (29)

where ϕh(t) is the homogeneous solution and ϕp(t) is the stationary solution which assumes the form

ϕp(t) = Φ sin(ωt− ϑ), (30)

where Φ is the amplitude and ϑ is the phase angle, which can be calculated using the frequency ratio
λ = ω/ωn = 0.5625. Using the resonance curve, we get

N =
1√

(1− λ2)2 + 4ζ2λ2
= 1.436, (31)

from which the amplitude of the stationary motion is

Φ = Nf0 = −0.0102 rad, (32)

and the phase angle:

ϑ = arctan
2ζλ

1− λ2
= 0.19 rad. (33)

Finally, the stationary solution in Eq. (30) reads

ϕp(t) = −0.0102 sin(20t− 0.19). (34)


